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Abstract

This paper presents the concepts of 7, 8, 9, 10-tuple (septuple, octuple, nonuple, decuple)

complete partitions of integers and an attempt has been done for the theorem based on the last

part of septuple, octuple, nonuple and decuple complete partitions of integers.

Introduction

The partition function [1] p(n) is defined as the number of ways, that the

positive integer n can be written as a sum of positive integers, as in

n=a +ag+...+a,. The summands a; are called the parts of the partition.

Although the parts need not be distinct, two partitions are not considered as
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different, if they differ only in the order of their parts. Many Mathematicians
studied the unique representations of positive integers by some sequences
with given properties. For example, Zeckendorf found that every integer can
be uniquely represented as a sum of inconsecutive terms of Fibonacci
sequences. Mac Mahon [2] studied perfect partitions of n, which are partitions
of n such that every integer m with 1 < m < n is uniquely represented in one
and only one way. In 1960, Hoggatt [3] considered sequences such that, every
positive integer can be represented as a sum of some terms of the sequences
and Brown [4] studied such sequences and named it as “complete” which are

defined as sequences (s, Sg, ...) such that every integer can be represented
as zzozl a;s;, where a; € S=1{0,1}. A partition which is complete was

studied in [5]. This was also generalized [6] by replacing the set S = {0, 1} by
the set S =1{0,1,..., r}. A complete partition of an integer n is a partition

w=(y, Uo, ..., ug) of n, with u; =1, such that each integer r,1<r <n,

can be represented as a sum of elements of py, po, ..., up. In other words,
k

each r can be expressed as z Bjuj, where each B; is either O or 1.
i=1

Hokyu Lee generalized the perfect partition and found a relation with
ordered factorizations [11]. Oystein J. Rodseth presented the study of
enumeration of M-partitions, weak M-partitions and generating functions
[12]. Mac Mahon (2006) initiated the study of double perfect partitions and he
found a relation with ordered factorizations. Oystein J. Rodseth (2007)
produced the some standard results, generating functions and completeness
of minimal r-complete partitions [13]. James A. Seller made significant
observations on the parity of the total number of parts in odd-part partitions.
George E. Andrews investigated the partitions with distinct evens and
produced companion theorems for distinct evens partitions counted by
exceptional parts [14].

Motivated by the above, as an amateur number theorist, an attempt has
been made in a slightly lighter mode to study on higher order partitions.

Now, the 7, 8, 9, 10-tuple (septuple, octuple, nonuple, decuple) complete
partitions of integers are defined [7], [8], [9], [10].
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Definition 1. For any integer n > 22, its 7-tuple (septuple) complete

partition can be obtained by taking the parts of n as p = (u""py? ...;") of n
such that each integer r, with 7 < r < n — 7 can be represented at least seven
!
different ways as a sum ZYiHi with y; € {0, 1, 2, ..., my}.
=1
In the same way the 8, 9, 10 -tuple complete partition of integers are also

defined. For all 7, 8, 9, 10-tuple complete partitions of integers n should be

greater than or equal to 22.
Definition 2. For any integer n > 22, its 8-tuple (octuple) complete

partition can be obtained by taking the parts of n as p = (u""py? ...p;") of n

such that each integer r, with 8 < r < n — 8 can be represented at least eight

l
different ways as a sum Z yiu; with v; €{0,1, 2, ..., my}.
i=1

Definition 3. For any integer n > 22, its 9-tuple (nonuple) complete

partition can be obtained by taking the parts of n as p = (uinlug@ ...u;nl) of n

such that each integer r, with 9 < r < n —9 can be represented at least nine
l
different ways as a sum Z vl with v; € {0, 1, 2, ..., my}.
=1
Definition 4. For any integer n > 22, its 10-tuple (decuple) complete

partition can be obtained by taking the parts of n as p = (u"'py? ...p)") of n

such that each integer r, with 10 < r < n —10 can be represented at least ten

l
different ways as a sum Z v;i; with v; € {0, 1, 2, ..., my}.
i=1

Theorem 1.1. If a partition p = (n"ug? ...n/") of a positive integer

nx>22 is a T-tuple (or 8, 9, 10-tuple) complete partition then
l

Wiyp < ijuj -9 with 1 25 and p should have at least two 1’s, one 2, one
=1

3, one 4, one 5 and one 6 (or) one 1, two 2’s, one 3, one 4, one 5 and one 6 (or)
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one 1, one 2, two 3’s, one 4, one 5 and one 6 (or) one 1, one 2, one 3, two 4’s, one

5 and one 6 (or) one 1, one 2, one 3, one 4, one 5 and two 6’s as its parts.

Proof. For any integer n, its 7-tuplecomplete partition can be obtained by
taking the value as n > 22, and the parts of the integer n should be
equivalent to (uy"ug? ...p;"). We can prove this theorem by considering the
parts of the integer as n = p"ug2ps®uy*psoulopg’. That is, n =122

3M34M45M56™6 with my > 2, mg, mg, my, ms and mg > 1 and pg < my + my
+mg+my +my 1is a T-tuple complete partition of the integer

n = My + Mollg + Mgllg + Mylly + Mslls + Mglg. If it is a 7-tuple complete
partition, then for every integer r, 7 <r < Z;Zl mju; —7 can be written as

seven different ways using the parts 1, 2, 3, 4, 5 and 6. Therefore,

MLy + Mglg, Myl + Mglls, Mollg + MsU5, Mgl + Mylly, Mg + M3Ug, Mol
+mug, and myuy + molg + Mgy are the seven representations of n with p

satisfies the condition p;,q < 2321 mju; —9. Now we check the condition

Wi < Z;zl mjpn; —9 for n. Let us assume that n = ny" popgt ste, =

mg _ mg _ my _ ms
Ho “HalgM5He, 1T = HiHolg “HyHsHe, = HiHoH3Hy “HsHe, N = HiHollgHaHs ~“He
and n = u1u2u3u4u5ugn6 be a 7-tuple complete partitions of n with
m =mg=mg=my=ms=mg=2 and p =1py=2u3=3p =4
M5 = 5. g = 6 ().
Case (1). If we take n = uTlu2u3u4u5u6, 1s a 7-tuple complete partition
then it should satisfy the condition p;,; < Zj:1 mp; —9 (2) with © = 5.

Here n = 22 by equation (1) and 6 < 7. Therefore, u satisfies the condition.

Case (11). If we take n = u1u§2u3u4p5u6, is a 7-tuple complete partition
then by equations (1) and (2) n = 23 and 6 < 8.

Case (i11). If we take n = M1H2M?3H4M5H6, 1s a 7-tuple complete partition
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then by equations (1) and (2) n = 24 and 6 < 9.

Case (iv). If we take n = u1u2u3u4m4u5u6, 1s a 7-tuple complete partition
then by equations (1) and (2) n = 25 and 6 < 10.

Case (v). If we take n = ulu2u3u4ugl5u6 is a 7-tuple complete partition
then by equations (1) and (2) n = 26 and 6 < 11.

Case (vi). If we take n = u1u2u3u4u5ugl6 is a 7-tuple complete partition
then by equations (1) and (2) n = 27 and 6 < 6.

If the above cases are true for n = u"pguguyisig, 7 = HipyZUgHy

- mg - my - ms —
H5He, I = HiHolg *Halsle, 0 = HiHoHgty ‘Hskg, I = Hilolgiyts “He and n =

H1H2M3M4H5HZ¢6 then the condition p;,q < Z;zl mn; —9 1is also true for

n = (u"py? ... p)"). Hence p satisfies the condition p; ; < 2321 mjp; — 9.

Corollary 1.2. Let p = (u"py? ...n/") be a 7-tuple complete partition of

a positive integer n. Then ;.1 < z;—l 7771

w; where p; g is the last part of
the 7-tuple complete partition of an integer.

Proof. In a 7-tuple complete partition, n > 22 and py, o, Us, W, M5
and pg should be equivalent to 1, 2, 3, 4, 5 and 6 respectively.

-1 i-1 i-1
Mip S+ g+ 1 STug +Tug +o+ T ST/ 70 + 7 pg +..+ 77
i .
SZ’?]_l}lj.
j=1

Corollary 1.8. Let p = (n"'py? ... ;") be a 8-tuple complete partition of

a positive integer n. Then ;1 < 2371 g/!

u; where p;.q is the last part of
the 8-tuple complete partition of an integer.

Proof. In a 8-tuple complete partition, n > 22 and py, pg, U, My, s and
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pe should be equivalent to 1, 2, 3, 4, 5 and 6 respectively.
Wiyl SHT +Hg +.o+pj S8y +8ug +...4+8u; < 8j_1u1 +8j_1u2 +...+8j_1u]~
i
J-1 .
< 28 M.
j=1
Corollary 1.4. Let p = (u"'p5? ... ;") be a 9-tuple complete partition of
a positive integer n. Then p;,q < 2321 9j_1Hj where y;,q1 is the last part of
the 9-tuple complete partition of an integer.

Proof. In a 9-tuple complete partition, n > 22 and pq, ug, Us, H4, 5 and

te should be equivalent to 1, 2, 3, 4, 5 and 6 respectively.

j—1 j—1 j—1
;,Li+1S;,t1+u2+...+ujS9u1+9},t2+...+9u]-S9] W +9 g+ + 9/ Wj

i
j—1
< 29] Hj.
j=1

mg

Corollary 1.5. Let p = (u{"py ...u;nl) be a 10-tuple complete partition

of a positive integer n. Then p;,q < ZZ':l 10j_1uj where ;1 is the last part
of the 10-tuple complete partition of an integer.

Proof. In a 10-tuple complete partition, n > 22 and p, pHo, Us, W, M5
and pg should be equivalent to 1, 2, 3, 4, 5 and 6 respectively.

ui+1ﬁu1+u2+...+uj310p1+10p2+...+10u]~Sle_lul+10j_1u2+...+10j_1uj
i
J-1,.
SZIO M.
j=1

Conclusion

In this paper the complete partitions of the higher order partitioning of
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septuple, octuple, nonuple and decuple of an integer is identified. From the

concept of complete partitions an attempt has been given for the conditions of

7, 8, 9, 10-tuple (septuple, octuple, nonuple, decuple). This work may be

extended upto k-tuple complete partitions of integers, to find the generating

functions for higher order partitioning.
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